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Abstract
The aim of this paper is to investigate the regime of high Mach
number flows for compressible barotropic fluids of Korteweg type with
density dependent viscosity. In particular we consider the models for
isothermal capillary and quantum compressible fluids. For the capillary
case we prove the existence of weak solutions and related properties
for the system without pressure, and the convergence of the solution in
the high Mach number limit. This latter is proved also in the quantum
case for which a weak-strong uniqueness analysis is also discussed in the
framework of the so-called "augmented" version of the system. More-
over, as byproduct of our results, in the case of a capillary fluid with
a special choice of the initial velocity datum, we obtain an interesting
property concerning the propagation of vacuum zones.
Key words: barotropic compressible fluids, density dependent viscosity,
Navier-Stokes-Korteweg model, capillary and quantum fluids, high Mach
number flows, "augmented" system, weak-strong uniqueness.
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2
1 Introduction
We consider a compressible Navier–Stokes system for a barotropic fluid with
density dependent viscosity in a periodic domain Ω = Td (d = 2 or 3)
∂t̺+ div (̺u) = 0, (1.1)
∂t (̺u)+div (̺u⊗ u)−div (2µ (̺)D (u))−∇ (λ (̺)divu)+∇p(̺)Ma2 = f, (1.2)
with initial data
(̺, u)|t=0 = (̺0, u0) .
Here, u = u(t, x) and ̺ = ̺(t, x) stand for the velocity field and density of
the fluid, functions of the spatial position x ∈ R3 and time t. The quantity
D (u) = (∇u+∇tu)/2 represents the strain tensor and f is a given external
forcing that will be specified later. We denote by λ (̺) and µ (̺) the two
viscosity coefficients, functions of the fluid density. We consider a pressure
p of the type p (̺) = a̺γ where a > 0 and γ > 1 are physical constant
quantities. The range of γ will be specified later.
The above system is introduced in its non-dimensional form and it con-
tains the Mach number Ma, while the other fluid mechanics numbers are
set equal to one.
The Mach number, physically, is given by the ratio of the reference fluid
velocity and the sound speed. In general the value of the Mach number
depends on the conditions of the physical phenomenon under consideration
and it is related to the compressibility of the fluid according to its low or high
values. In the case of a low Mach number regime the speed of sound tends
to infinity while the pressure becomes almost constant and doesn’t generates
density variations, as a consequence compressibility can be ignored and the
final asymptotical physical state is the incompressible one. Conversely if the
fluid speed increases beyond the sound speed (as in the so called supersonic
flows), then the Mach number is high and the compressibility effects have to
be taken into consideration.
Since in many real world phenomena, such as ocean flows, astrophysics
flows, fluid flows in engineering devices, the fluid velocities are smaller com-
pared to the sound speed, the study of the low Mach number regime has
been of large interest. In the literature a large number of authors have dealt
with this case for different types of fluids, see for instance [13], [14], [15],
[17], [19], [20], [21], [22], [35] and references therein.
On the other hand, although the high Mach number values are of great
importance in the dynamics of aircrafts, this regime and its related limit
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analysis turns out to be less studied in comparison to the opposite asymptotic
limit.
Previous results in this context have been obtained by Haspot [29] and
Liang [34]. For a pressure behaving like a power law, namely p(̺) = ̺γ ,
with γ > 1, Liang [34] proved the convergence to the pressureless system for
the following form of the stress tensor and more general form of viscosity
coefficients
S (u) = µ (̺)∇u+ λ (̺) divu (1.3)
µ (̺) > 0, µ (̺) + dλ (̺) ≥ 0 (1.4)
µ (̺) = ν̺α, λ (̺) = 2 (α− 1) ν̺α, α ≥ 1. (1.5)
As remarked by Liang [34], more general viscosities are allowed at the cost of
the stress tensor having the form (1.3). Moreover, Liang [34] also remarked
that for α = 1 (and also α < 1 with slight modification of the arguments)
the convergence holds for the symmetric stress tensor div
(
̺∇u+∇
tu
2
)
where
the existence of a global weak solutions for the system (1.1) - (1.2) is proved
in Li and Xin [33] (see also Vasseur and Yu [37]). A recent extension of these
results for non-linear density dependent viscosities have been obtained by
Bresch et al. [12]. Note that, in [34], the author assumed the existence of
the global weak solution for the pressureless system in the spirit of Haspot
[29]. Moreover, under some assumptions on the initial velocity field and for
α ≥ 3/2, Liang [34] proved a rate of convergence for the density field in
a suitable Lebesgue norm, while Haspot and Zatorska [30] obtain a rate of
convergence for the density for the one–dimensional Cauchy problem for 1 <
α ≤ 3/2. In a similar framework, Haspot [29] proved the high compressible
limit in the sense of distribution and discussed the global existence for the
pressureless system. In particular, the author constructed explicit global
weak solutions where ̺ is a solution of a porous media or heat equation
according to the different values of α in (1.5) and with irrotational initial
velocity expressed as a gradient of a given potential, function of the initial
density.
In this paper we consider the following high Mach number regime, namely
the case when
Ma = ε−1/2, ε→ 0
in the context of capillary and quantum fluids, namely we will deal with the
following Korteweg system of equations
∂t̺+ div (̺u) = 0, (1.6)
4
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) + ε∇p(̺)
= ̺∇
(
κ (̺)∆̺+
1
2
κ′ (̺) |∇̺|2
)
, (1.7)
with initial data
(̺, u)|t=0 = (̺0, u0) ,
where we set µ (̺) = ν̺ with ν constant viscosity coefficients and λ (̺) = 0.
Here, the right-hand-side of (1.7) represents the so-called Korteweg tensor
with κ = κ(̺) surface tension. The analysis is motivated by a recent atten-
tion given to the system (1.6) - (1.7) (see for example Antonelli and Spirito
[1], [2], [3], [4], and Bresch et al. [8], [12]).
For a constant value of κ, namely κ(̺) = κ, the above system describes
the motion of a capillary fluids for which the Korteweg tensor becomes
̺∇x
(
κ (̺)∆x̺+
1
2
κ′ (̺) |∇x̺|2
)
= κ̺∇∆̺,
while the choice κ(̺) = κ2/̺ leads to the so-called quantum Bohm identity
for which we deal with quantum fluids,
̺∇x
(
κ (̺)∆x̺+
1
2
κ′ (̺) |∇x̺|2
)
= 2κ2̺∇
(
∆
√
̺√
̺
)
.
For a more detailed discussion on Korteweg models for capillary and quantum
fluids, the reader can refer to Benzoni-Gavage [5].
For ε = 0, the system (1.6) and (1.7) reduces to the pressureless Navier-
Stokes equations of Korteweg type. In the following, our analysis will focus
on this system with κ(ρ) = κ or κ(ρ) = κ2/ρ.
For capillary fluids, we will study the convergence of the limit as ε → 0
to the weak solutions for the pressureless system, moreover we investigate
also the existence of weak solutions for the pressureless system and some
properties connected with the heat equation for a proper choice of the initial
data. It is worth to point out that as a byproduct of this analysis we get
an interesting result concerning the vacuum states of the density. Indeed
in Theorem 4 we will be able to prove that for an initial density ρ0 strictly
positive and an irrotational initial velocity, u0 = ∇φ(ρ0) vacuum is not
allowed for any t > 0. In other words, in this special case, under the high
compressibility effects and when the pressure effects are not relevant, then
vacuum states may not appear in the non vacuum regions (ρ0 > 0).
For quantum fluids the convergence in the limit of ε → 0 will be dis-
cussed and a weak-strong uniqueness analysis will be performed. Weak-
strong uniqueness means that a weak and strong solution emanating from
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the same initial data coincide as long as the latter exists. We perform a
weak strong-uniqueness analysis for the pressureless system assuming the
existence of the strong solution. This last analysis will follow the recent
result of Bresch et al. [8] in which an “augmented” version of the quantum
Navier-Stokes system combined with a relative energy inequality approach
(see for example Feireisl et al. [25], [26]) is used.
We would like to mention that, without the presence of the Korteweg
tensor, the study of the high compressible limit in the context of density
dependent viscosity fluids is related to the lack of compactness of the density.
More precisely, in the case of constant viscosities it appears impossible to
pass to the limit for ε → 0 because the Lγ-bound for the density coming
from the pressure is no longer conserved. Only the L1-bound related to
mass conservation is preserved, and is not sufficient to pass to the limit since
it does not provide enough compactness information (see Haspot [29] and
Liang [34]).
This manuscript is organized as follows. In Section 2 we investigate the
high compressible limit for capillary fluids and we study some properties of
the related pressureless system. Section 3 is devoted to the analysis of the
quantum case. Finally, we end the paper with some concluding remarks in
Section 4 and an Appendix where a stability result for a the pressureless
system in the quantum case is shown.
2 Capillary fluids
In this section we deal with the capillary case, namely when κ (̺) = κ in
(1.7), then the system (1.6) - (1.7) reads as
∂t̺+ div (̺u) = 0, (2.1)
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) + ε∇p(̺) = κ̺∇∆̺, (2.2)
with initial data
(̺, u)|t=0 = (̺0, u0) .
For fixed ε > 0, the global existence of weak solutions without smallness
assumption on the data was studied by Bresch et al. [7] in a periodic domain
Ω = Td (d = 2, 3) under the following assumptions on the pressure field
p(̺) ≥ 0, p′(̺) ≥ 0, and Γ (̺) ≤ A̺ηΠ(̺) for large enough ̺, (2.3)
6
where
Π(̺) = ̺
ˆ ̺
̺
p (τ)
τ2
dτ, Γ (̺) =
ˆ ̺
̺
τp′ (τ) dτ, (2.4)
with ̺ constant reference density, A positive constant and η < +∞ when
d = 2 and η < 4 when d = 3. Note that, the assumption on large densities is
satisfied in particular when the pressure behaves like a power law at infinity.
In particular, we have
Π(̺) = ̺
ˆ ̺
0
p (τ)
τ2
dτ =
̺γ
γ − 1 , Γ (̺) =
ˆ ̺
0
τp′ (τ) dτ =
γ
γ + 1
̺γ+1, (2.5)
where we have set ̺ = 0. More precisely, Bresch et al. [7] proved the
existence of weak solutions in the following class of regularity{
̺ ∈ L2 (0, T ;H2 (Ω)) ∩ L∞ (0, T ;H1 (Ω)) ,
∇√̺, √̺u ∈ L∞ (0, T ;L2 (Ω)) , (2.6)
satisfying the energy inequality
sup
t∈(0,T )
ˆ
Ω
1
2
(
|Λ|2 + εΠ(̺) + κ |∇̺|2
)
dx+ 2ν
ˆ T
0
ˆ
Ω
|S|2 dxdt
≤
ˆ
Ω
1
2
(
̺0 |u0|2 + εΠ(̺0) + κ |∇̺0|2
)
dx (2.7)
with Λ such that ̺u =
√
̺Λ, and S ∈ L2((0, T ) × Ω) such that √̺S =
Symm(∇(̺u) − 2∇√̺ ⊗ √̺u) in D′, and the so-called Bresch-Desjardins
entropy inequality (see Bresch et al. [7])
sup
t∈(0,T )
ˆ
Ω
(
1
2
|Λ+ ν∇√̺|2 + εΠ(̺) + κ
2
|∇̺|2
)
dx
+4ν
ˆ T
0
ˆ
Ω
εp′(̺) |∇√̺|2 dxdt+ νκ
ˆ T
0
ˆ
Ω
|∇∇̺|2 dxdt
+2ν
ˆ T
0
ˆ
Ω
|A|2 dxdt
≤
ˆ
Ω
1
2
(
|√̺0u0 + ν∇√̺0|2 + κ |∇̺0|2
)
dx, (2.8)
with A ∈ L2((0, T ) × Ω) such that √̺A = Asymm(∇(̺u) − 2∇√̺⊗√̺u)
in D′, with the following conditions on the initial dataˆ
Ω
1
2
(
̺0 |u0|2 + εΠ(̺0) + κ |∇̺0|2
)
dx < +∞, (2.9)
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ˆ
Ω
̺0 |ν∇ log ̺0|2 < +∞. (2.10)
They proved the following Theorem.
Theorem 1. Let d = 2 or 3. Then, there exists a global weak solution
(̺, u) of (2.1) and (2.2), that means a solution satisfying (2.6) - (2.10),
with the continuity equation satisfying the following weak formulation for all
ϕ ∈ C∞c ([0, T ] ;C∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
̺ · ∂tϕ+
ˆ T
0
ˆ
Ω
(
√
̺
√
̺u) : ∇ϕdxdt = 0; (2.11)
and the momentum equations satisfying the following weak formulation for
all ϕ ∈ C∞c ([0, T ] ;C∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0u0 · ̺0ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
[
̺2u · ∂tϕ+ 3
2
̺u⊗ ̺u : ∇ϕ
+
√
̺u⊗√̺u : ϕ∇̺+ εΓ (̺) divϕ
−2ν̺D (u) · ∇(̺ϕ)− κ̺2∆̺divϕ− 2κ̺ (ϕ · ∇̺)∆̺] dxdt = 0, (2.12)
where, for (i, l) = 1, 2, 3, the viscous term reads as follows
−2ν
ˆ T
0
ˆ
Ω
̺D (u) · ∇(̺ϕ)dxdt =
−ν
ˆ T
0
ˆ
Ω
√
̺
√
̺ui(∂li̺ϕl + ∂i̺∂lϕl + ∂l̺∂iϕl + ̺∂liϕl)dxdt
−ν
ˆ T
0
ˆ
Ω
√
̺
√
̺ul(∂ii̺ϕl + 2∂i̺∂iϕl + ̺∂iiϕl)dxdt
−2ν
ˆ T
0
ˆ
Ω
√
̺ul∂i
√
̺(∂i̺ϕl + ̺∂iϕl)dxdt
− 2ν
ˆ T
0
ˆ
Ω
√
̺ui∂l
√
̺(∂i̺ϕl + ̺∂iϕl)dxdt; (2.13)
The authors in [7] used a particular notion of weak solutions that has the
advantage to avoid some mathematical difficulties which arise in the defini-
tion of the velocity field in the vacuum region. Indeed, even though weak
solutions for the mass and momentum equations can be written in the sense
of distribution, Bresch et al. [7] (see also Jüngel [32]) are unable to prove
compactness of solutions for vanishing densities. Moreover, as also remarked
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by Jüngel [32], the regularity
√
̺u ∈ L∞ (0, T ;L2), does not imply compact-
ness for (an approximation of) the convective term
√
̺u⊗√̺u. This is the
reason why they consider test functions of the form ̺ϕ in the momentum
equation, which are supported on sets of positive ̺. With this choice, the
regularity of ̺, which could be proven to belong to ̺ ∈ L2 (0, T ;H2), allows
to recover the usual momentum equation on sets of ̺ > 0. Note that weak
formulation with test functions depending on the solutions itself was already
introduced in Desjardins and Esteban [16] for a fluid-structure interaction
problem and is used in the context of quantum fluids by Jüngel [32].
In this paper for the definition of weak solution for the pressureless system
(see Definition 2) we follow Bresch et al. [7] in terms of test functions of
the type ̺ϕ, but we differ from the original definition in [7] for the following
reasons. The "degenerate" viscosity prevents the velocity field to be uniquely
determined in the vacuum region. Indeed, the system (2.14)-(2.15) lacks
bounds for u (neither the velocity field, nor its gradient are defined a.e. in
Ω). Consequently, as suggested by Antonelli and Spirito [1], [2], the problem
is best analyzed in terms of the variables
√
̺ and Λ =
√
̺u. Similarly, for
the momentum we have ̺u =
√
̺Λ (however, for the sake of consistency
with the literature concerning the Navier-Stokes-Korteweg system, the weak
solutions is defined in terms of
√
̺ and
√
̺u). For the above reasons, the
viscous stress tensor in the energy inequalities (2.7) and (2.20) is thought as
̺D(u) =
√
̺S,
where
√
̺S = Symm(∇(̺u)− 2∇√̺⊗√̺u). Indeed, it is not clear if weak
solutions satisfy the energy inequality in the usual sense, namely
d
dt
ˆ
Ω
1
2
(
̺ |u|2 + κ |∇̺|2
)
+ 2ν
ˆ
Ω
̺ |D(u)|2 dxdt ≤ 0.
Antonelli and Spirito [1], [2] considered the Navier-Stokes-Korteweg system
for a viscous compressible fluid with capillarity effects in three space dimen-
sions. They prove compactness and existence of finite energy weak solutions
for large initial data, where vacuum regions are allowed in the definition of
weak solutions and no additional damping terms are considered. We would
like to stress that the result of Antonelli and Spirito [1] was announced dur-
ing the developing of the present work. For this reason and for the time
being, we have chosen to develop the analysis using the notion of weak so-
lutions with test functions of the form ̺ϕ. As mentioned in the end of this
paper, it will be a matter of future research the extension of this result in
the framework of standard weak solutions.
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Our purpose is to study the convergence, as ε→ 0, of the weak solutions
of the system (2.1) - (2.2) towards the pressureless model and to investigate
its main properties. Therefore we start our analysis by proving the existence
of weak solutions of the pressureless system in the case of general initial data.
We want to point out that this result is of interest by himself. Indeed, as
shown in Theorem 4 if we start with a density initial datum ρ0 > 0 far from
vacuum and an initial velocity function of the form u0 = ∇φ(ρ0), then at
any time t > 0 the density stays far from vacuum. In other words, when the
effects of the pressure are not relevant, then the property of no vacuum is
preserved at any time t > 0. Moreover, in the case of properly chosen initial
data, see Theorem 5 we provide the existence of a smooth density function
satisfying the heat equation.
2.1 Weak solutions and main results
For ε = 0 the system (2.1) - (2.2) reads
∂t̺+ div (̺u) = 0, (2.14)
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) = κ̺∇∆̺, (2.15)
with
(̺, u)|t=0 = (̺0, u0) .
Now, we define the notion of weak solutions for the system (2.14)-(2.15)
we are dealing with and we introduce the main results.
Definition 2. We say that (̺, u) is a weak solution of (2.14)-(2.15) on (0, T )
if and only if {
̺ ∈ L2 (0, T ;H2 (Ω)) ∩ L∞ (0, T ;H1 (Ω)) ,
∇√̺, √̺u ∈ L∞ (0, T ;L2 (Ω)) , (2.16)
the continuity equation satisfies the following weak formulation for all ϕ ∈
C∞c ([0, T ] ;C
∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
̺ · ∂tϕ+
ˆ T
0
ˆ
Ω
(
√
̺
√
̺u) : ∇ϕdxdt = 0; (2.17)
the momentum equations satisfies the following weak formulation for all ϕ ∈
C∞c ([0, T ] ;C
∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0u0·̺0ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
[
̺2u · ∂tϕ+ 3
2
̺u⊗ ̺u : ∇ϕ+√̺u⊗√̺u : ϕ∇̺
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−2ν̺D (u) · ∇(̺ϕ)− κ̺2∆̺divϕ− 2κ̺ (ϕ · ∇̺)∆̺] dxdt = 0 (2.18)
where, for (i, l) = 1, 2, 3, the viscous term reads as follows
−2ν
ˆ T
0
ˆ
Ω
̺D (u) · ∇(̺ϕ)dxdt =
−ν
ˆ T
0
ˆ
Ω
√
̺
√
̺ui(∂li̺ϕl + ∂i̺∂lϕl + ∂l̺∂iϕl + ̺∂liϕl)dxdt
−ν
ˆ T
0
ˆ
Ω
√
̺
√
̺ul(∂ii̺ϕl + 2∂i̺∂iϕl + ̺∂iiϕl)dxdt
−2ν
ˆ T
0
ˆ
Ω
√
̺ul∂i
√
̺(∂i̺ϕl + ̺∂iϕl)dxdt
− 2ν
ˆ T
0
ˆ
Ω
√
̺ui∂l
√
̺(∂i̺ϕl + ̺∂iϕl)dxdt. (2.19)
Moreover there exists Λ such that ̺u =
√
̺Λ, and S ∈ L2((0, T ) × Ω) such
that
√
̺S = Symm(∇(̺u) − 2∇√̺ ⊗ √̺u) in D′, satisfying the following
energy inequality
sup
t∈(0,T )
ˆ
Ω
1
2
(
|Λ|2 + κ |∇̺|2
)
+ 2ν
ˆ T
0
ˆ
Ω
|S|2 dxdt
≤
ˆ
Ω
1
2
(
̺0 |u0|2 + κ |∇̺0|2
)
dx; (2.20)
and there exists A ∈ L2((0, T ) × Ω) such that √̺A = Asymm(∇(̺u) −
2∇√̺ ⊗ √̺u) in D′, such that the following Bresch-Desjardins entropy in-
equality is satisfied
sup
t∈(0,T )
ˆ
Ω
1
2
(
|Λ + ν∇√̺|2 + κ |∇̺|2
)
+2ν
ˆ T
0
ˆ
Ω
|A|2 dxdt+ νκ
ˆ T
0
ˆ
Ω
|∇∇̺|2 dxdt
≤
ˆ
Ω
1
2
(
|√̺0u0 + ν∇√̺0|2 + κ |∇̺0|2
)
dx; (2.21)
Now, we introduce our main results. The first Theorem concerns the
existence of global weak solutions for the system (2.14) - (2.15).
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Theorem 3. Let Ω = Td (d = 2 or 3) be a periodic domain. Assume that
the initial energy
E0 =
ˆ
Ω
1
2
(
̺0 |u0|2 + κ |∇̺0|2
)
dx (2.22)
and the quantity
F0 = 2ν
2
ˆ
Ω
|∇√̺0|2 = 1
2
ˆ
Ω
̺0 |ν∇ log ̺0|2 (2.23)
are finite. Then, there exists a global weak solution (̺, u) of the system (2.14)
- (2.15) in the sense of Definition 2.
The second results concerns the link between the system (2.14) - (2.15)
and the heat equation when we choose an initial density ρ0 > 0 and the the
velocity is expressed as a gradient of a given potential φ = φ (̺), function of
the density, and satisfying the relation
φ′ (̺) =
2µ′ (̺)
̺
. (2.24)
Theorem 4. Let Ω = Td (d = 2 or 3) be a periodic domain. Let ̺0 ∈ L1 (Ω)
with ̺0 > 0 and continuous. Assume also that u0 = −∇φ (̺0). Then, there
exists a global weak solution (̺, u = −∇φ (̺)) of the system (2.14) - (2.15),
with (̺, u) ∈ C∞ (0, T ; Ω) and ̺ solving the following heat equation almost
everywhere
∂t̺− 2ν∆̺ = 0, (2.25)
̺ (0, ·) = ̺0.
As already mentioned as a byproduct of the previous theorem we have
the property that for pressureless Korteweg systems vacuum zones are not
allowed if we start away from them. The link between the system (2.14)
- (2.15) and the heat equation can be extended to the framework of weak
solutions when ̺0 is not assumed to be strictly positive, this will be done in
the next theorem.
Theorem 5. Let Ω = Td (d = 2 or 3) be a periodic domain. Let ̺0 ∈ L1 (Ω)
with ̺0 ≥ 0 and continuous. Assume moreover that (̺0, u0) verify the initial
conditions (2.22) and (2.23) with u0 = −∇φ (̺0). Then, there exists a global
weak solution (̺, u) of the system (2.14) - (2.15) with ̺ solving (2.25).
Finally, the last result concerns the convergence of the weak solution of
(2.1) - (2.2) to a weak solution of (2.14) - (2.15) in the limit as ε→ 0.
12
Theorem 6. Let Ω = Td (d = 2 or 3) be a periodic domain. Assume that
the condition on the initial data (2.9) and (2.10) are satisfied. Then, as
ε → 0, a global weak solution (̺ε, uε) of the system (2.1) - (2.2) converges
(in a distribution sense) to a weak solution (̺, u) of (2.14) - (2.15).
2.2 Existence results for the pressureless system
The first result deals with the global existence of the weak solution for the
system (2.14) - (2.15).
The proof will follow the framework proposed by Bresch et al. [7]. We
will show how the gain in the regularity of the density given by the presence
of the capillary term will give us more information on the density itself in
order to have enough compactness to pass to the limit in the approximation
scheme.
We will assume that a sequence (̺n, un)n∈N of approximate weak solu-
tions, which satisfy the energy inequality (2.20) and have enough regularity
to justify the estimates of this section, have been constructed.
2.3 Preliminary lemmas
In this section we recall some preliminary lemmas that will be useful in the
proof of the Theorem 3.
Lemma 7. Let (̺n, un) be a smooth solution of (2.14) - (2.15). Then, the
following identity holds
1
2
d
dt
ˆ
Ω
̺n |∇ log ̺n|2 dx+
ˆ
Ω
∇divun · ∇̺ndx
+
ˆ
Ω
̺nD (un) : ∇ log ̺n ⊗∇ log ̺ndx = 0. (2.26)
Proof. See Bresch et al. [7].
Lemma 8. Let (̺n, un) be a smooth solution of (2.14) - (2.15). Then, the
following identity holds
d
dt
ˆ
Ω
ν2̺n |∇ log ̺n|2 dx+ νκ
ˆ
Ω
|∇∇̺n|2 dx
= − d
dt
ˆ
Ω
νun · ∇̺ndx+
ˆ
Ω
ν̺n∇un :t ∇undx. (2.27)
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Proof. We multiply the momentum equation by ν∇̺n/̺n and we integrate
in space, to get
ˆ
Ω
ν̺n (∂tun + un · ∇un)·∇̺n
̺n
dx+
ˆ
Ω
2ν2D (un) :
(
∇∇̺n − ∇̺n ⊗∇̺n
̺n
)
dx
+
ˆ
Ω
νκ |∇∇̺n|2 dx = 0,
where we used the continuity equation. By using (2.26) multiplied by 2ν2
and the relation above, we have
d
dt
ˆ
Ω
ν2̺n |∇ log ̺n|2 dx+
ˆ
Ω
νκ |∇∇̺n|2 dx = I, (2.28)
where I is given by
I = −
ˆ
Ω
ν∂tun · ∇̺n −
ˆ
Ω
2ν2∇divun · ∇̺n
−
ˆ
Ω
ν (un · ∇un) · ∇̺n −
ˆ
Ω
2ν2D(un) : ∇∇̺n
= −ν d
dt
ˆ
Ω
un · ∇̺ndx+ ν
ˆ
Ω
un · ∇∂t̺n − 2ν2
ˆ
Ω
∇divun · ∇̺n
−
ˆ
Ω
ν (un · ∇un) · ∇̺n −
ˆ
Ω
2ν2D(un) : ∇∇̺n
= −ν d
dt
ˆ
Ω
un · ∇̺ndx− ν
ˆ
Ω
un · ∇div(̺nun)− 2ν2
ˆ
Ω
∇divun · ∇̺n
−
ˆ
Ω
ν (un · ∇un) · ∇̺n −
ˆ
Ω
2ν2D(un) : ∇∇̺n, (2.29)
and we used the mass equation in the last equality. Integration by parts and
the identity ∇div = curlcurl −∆ gives respectively
−
ˆ
Ω
un·∇div(̺nun)dx−
ˆ
Ω
(un · ∇un)·∇̺ndx =
ˆ
Ω
̺n∇un :t ∇undx (2.30)
and
−
ˆ
Ω
∇divun · ∇̺ndx−
ˆ
Ω
D(un) : ∇∇̺ndx = 0. (2.31)
Relations (2.28)-(2.31) give (2.27).
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The following Lemma concerns the Bresch-Desjardins entropy relation
for the pressureless system (2.14) - (2.15).
Lemma 9. Let (̺n, un) be a smooth solution of (2.14) - (2.15). Then,
defining wn = un + ν∇̺n, the following inequality holds
sup
t∈(0,T )
ˆ
Ω
1
2
(
|̺n|wn|2 + κ |∇̺n|2
)
+2ν
ˆ T
0
ˆ
Ω
̺n |Aun|2 dxdt+
ˆ T
0
ˆ
Ω
|∇∇̺n|2 dxdt
≤
ˆ
Ω
1
2
(
̺0,n |w0,n|2 + κ |∇̺0,n|2
)
dx (2.32)
with Aun = (∇un −t ∇un)/2.
Proof. By simple algebra and elementary identities (see Antonelli and Spirito
[2], Preposition 3.2; see also Bresch and Desjardins [6]), is easy to derive the
following system
∂t̺n + div(̺nwn) = 2ν∆̺n, (2.33)
∂t(̺nwn) + div(̺nwn ⊗wn)− 2ν∆(̺nwn) + 2νdiv(̺nDwn) = 2κ̺n∇∆̺n.
(2.34)
We multiply (2.34) by wn and we integrate in space. Using (2.33), we have
d
dt
ˆ
Ω
̺n
|wn|2
2
dx+ 2ν
ˆ
Ω
̺n |Aun|2 dx− 2κ
ˆ
Ω
̺n∇∆̺nwndx = 0. (2.35)
Now, we multiply (2.33) by −2κ∆̺n. We have,
d
dt
ˆ
Ω
κ |∇̺n|2 + 4νκ
ˆ
Ω
|∆̺n|2 dx− 2κ
ˆ
Ω
div(̺nwn)∆̺ndx. (2.36)
By summing up (2.35) with (2.36) and integrating by parts we obtain (2.32).
2.3.1 Proof of Theorem 3
The proof of Theorem 3 is divided in several steps. First, we collect a priori
estimates, then we will deal with the strong convergence of the density, the
analysis of the momentum and finally with the convergence of the remaining
non-linear terms.
- Step 1. A priori estimates
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From the continuity equation (2.14) and the energy equality (2.20) we
can deduce the following a priori estimates
‖̺n‖L∞(0,T ;L1(Ω)) ≤ C, ‖
√
̺nun‖L∞(0,T ;L2(Ω)) ≤ C,
‖∇̺n‖L∞(0,T ;L2(Ω)) ≤ C, ‖
√
̺nD (un)‖L2(0,T ;L2(Ω)) ≤ C. (2.37)
Moreover, Lemma 8 yields
‖̺n‖L2(0,T ;H2(Ω)) ≤ C, ‖∇
√
̺n‖L∞(0,T ;L2(Ω)) ≤ C. (2.38)
Finally, by the second estimate in (2.38) and the first estimate in (2.37), we
can conclude that
‖√̺n‖L∞(0,T ;W 1,2(Ω)) ≤ C. (2.39)
- Step 2. Convergence of the density
Now, thanks to (2.37) and (2.39), we deduce that ̺nun =
√
̺n
√
̺nun
is bounded in L∞
(
0, T ;L3/2 (Ω)
)
. The continuity equation thus gives ∂t̺n
bounded in L∞
(
0, T ;W−1,2 (Ω)
)
. Then, the Aubin-Lions Lemma gives the
following strong convergence of the density,
̺n → ̺, in L2
(
0, T ;L2 (Ω)
)
.
Indeed, we have more regularity on the density, and the following convergence
holds (see Bresch et al. [7]),
̺n → ̺ in L2/s
(
0, T ;H1+s (Ω)
)∩C ([0, T ] ;Hs) for all s ∈ (0, 1) . (2.40)
Moreover, because of the strong convergence of ̺2n and ̺n∇̺n in L2
(
0, T ;L2 (Ω)
)
and the weak convergence of ∆̺n in L
2
(
0, T ;L2 (Ω)
)
, we are allowed to pass
to the limit in the last two terms of (2.18).
- Step 3. Limit velocity
Now, since from (2.40) ̺n converges almost everywhere in (0, T ) × Ω
and from the second bound in (2.37),
√
̺nun converges weakly to some g in
L2
(
0, T ;L2 (Ω)
)
, in the spirit of Bresch et al. [7] this allows to define a limit
velocity u = g/
√
̺ on the set of positive ̺, and zero otherwise. Then, since
̺nun =
√
̺n
√
̺nun converges weakly to
√
̺g = ̺u, we proved
∂t̺+ div (
√
̺
√
̺u) = 0, ̺|t=0 = ̺0 in D′ (Ω) .
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Moreover, we are able to pass to the limit in the first two terms of (2.18). For
the first one, we assume the strong convergence of the initial data, and for
the second one we use the strong convergence of ̺n in C
(
0, T ;L3 (Ω)
)
from
(2.40) combined with the weak convergence of ̺nun in L
∞
(
0, T ;L3/2 (Ω)
)
.
Note that, although we can define u = g/
√
̺ outside the vacuum set, we
do not know if
√
̺u is zero on the vacuum set, hence it is not clear weather
√
̺nun → √̺u weakly in L2((0, T )× Ω).
- Step 4. Convergence of the momentum
In order to prove the strong convergence of the momentum ̺nun to ̺u
in L2
(
0, T ;L2 (Ω)
)
, we observe that
̺nun ⊗ ̺nun = ̺3/2n un ⊗ ̺1/2n un.
Because of the weak convergence of
√
̺nun to
√
̺u in L2
(
0, T ;L2 (Ω)
)
, it is
enough to prove the strong convergence of ̺
3/2
n un to ̺
3/2u in L2
(
0, T ;L2 (Ω)
)
.
First, we notice that
D
(
̺3/2n un
)
= ̺n
√
̺nD(un) +
3
2
√
̺nun⊗∇̺n,
where a⊗b = (a⊗ b+ b⊗ a) /2. From the uniform bound of ̺n and√̺nD(un)
respectively in L∞
(
0, T ;L6 (Ω)
)
and L2
(
0, T ;L2 (Ω)
)
, and of
√
̺nun and
∇̺n in L∞
(
0, T ;L2 (Ω)
)
and L2
(
0, T ;L6 (Ω)
)
, we deduce that D
(
̺
3/2
n un
)
is bounded uniformly in L2
(
0, T ;L3/2 (Ω)
)
. Observing that the following
holds, ∥∥∥∇(̺3/2n un)∥∥∥
L3/2(Ω)
≤
∥∥∥D (̺3/2n un)∥∥∥
L3/2(Ω)
,
by the Sobolev embeddings ̺
3/2
n un is uniformly bounded in L
2
(
0, T ;L3 (Ω)
)
.
Now, let us write∥∥∥̺3/2n un − ̺3/2u∥∥∥
L2(0,T ;L2(Ω))
≤
∥∥∥̺3/2n un − (̺3/2n un) ∗ ψm∥∥∥
L2(0,T ;L2(Ω))
+
∥∥∥(̺3/2n un) ∗ ψm − (̺3/2u) ∗ ψm∥∥∥
L2(0,T ;L2(Ω))
+
∥∥∥̺3/2u− (̺3/2u) ∗ ψm∥∥∥
L2(0,T ;L2(Ω))
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where ψ ∈ C∞ (Ω) is a mollifying kernel such that ψ ≥ 0, ´Ω ψdx = 1 and
ψm (·) = mdψ (m·) for all m ∈ N. We have,∥∥∥̺3/2n un − (̺3/2n un) ∗ ψm∥∥∥
L2(0,T ;L2(Ω))
≤ C√
m
∥∥∥∇(̺3/2n un)∥∥∥
L2(0,T ;L3/2(Ω))
(2.41)
and similarly for ̺3/2u. Next, for l ∈ N, we have,∥∥∥(̺3/2n un) ∗ ψm − (̺3/2u) ∗ ψm∥∥∥
L2(0,T ;L2(Ω))
≤ Cm
(
1
l
+
∥∥∥(̺3/2n un) ∗ ψl − (̺3/2u) ∗ ψl∥∥∥
L2(0,T ;L1(Ω))
)
. (2.42)
Now, in order to handle and to separate the analysis for densities close
to vacuum and bounded away from zero, we introduce a cut-off function
β ∈ C∞(R) such that β(s) = 1 for s ≥ 2 and β(s) = 0 for s ≤ 1, with
0 ≤ β(s) ≤ 1, and for any α > 0 we define βα(s) = α−dβ (s/α). We have∥∥∥(̺3/2n un (1− βα (̺n))) ∗ ψl∥∥∥
L2(0,T ;L1(Ω))
≤ ‖√̺nun‖L∞(0,T ;L2(Ω)) ‖̺n (1− βα (̺n))‖L2(0,T ;L2(Ω)) ≤ Cα (2.43)
and ∥∥∥(̺3/2n unβα (̺n)) ∗ ψl − ̺−1/2n βα (̺n) (̺2nun) ∗ ψl∥∥∥
L2(0,T ;L1(Ω))
≤ C
l
∥∥̺2nun∥∥L2(0,T ;L2(Ω)) ∥∥∥∇(̺−1/2n βα (̺n))∥∥∥L∞(0,T ;L2(Ω))
≤ Cα
l
‖√̺n‖L∞(0,T ;L6(Ω))
∥∥∥̺3/2n un∥∥∥
L2(0,T ;L3(Ω))
‖∇̺n‖L∞(0,T ;L2(Ω)) . (2.44)
By considering (2.43) and (2.44), we obtain∥∥∥̺3/2n un − ̺3/2u∥∥∥
L2(0,T ;L2(Ω))
≤ C
(
1√
m
+ α
)
+
Cm,α
l
+
∥∥∥̺−1/2n βα (̺n) (̺2nun) ∗ ψl − ̺−1/2βα (̺) (̺2u) ∗ ψl∥∥∥
L2(0,T ;L1(Ω))
for a given α,m and l. Now, thanks to the strong convergence of ̺
−1/2
n βα (̺n)
to ̺−1/2βα (̺) in C
(
0, T ;L2 (Ω)
)
, the next step consists in proving the strong
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convergence of
(
̺2nun
) ∗ ψl to (̺2u) ∗ ψl in L2 (0, T ;L2 (Ω)). Since ̺2nun is
bounded in L2
(
0, T ;L2 (Ω)
)
, we need only to prove that ∂t
(
̺2nun
)
is bounded
in Lq (0, T ;H−s (Ω)) for q > 1 and some s > 0.
To this aim we rewrite the weak formulation (2.18) in the following equiv-
alent form,
ˆ T
0
ˆ
Ω
∂t(̺
2
nun)ϕ = −
ˆ T
0
ˆ
Ω
[̺nun ⊗ ̺nun : ∇ϕ
−̺2n(un · ϕ)divun − 2ν̺nD (un) : ̺n∇ϕ− 2ν̺nD (un) : ϕ⊗∇̺n
−κ̺2n∆̺ndivϕ− 2κ̺n (ϕ · ∇̺n)∆̺n
]
dxdt. (2.45)
Now, the L2
(
0, T ;L3 (Ω)
)
bound of ̺
3/2
n un and the L
∞
(
0, T ;L2 (Ω)
)
of ̺
1/2
n un, gives ̺nun ⊗ ̺nun bounded in L2
(
0, T ;L6/5 (Ω)
)
. Next, the
quantity ̺
3/2
n un is bounded in L
5/2
(
0, T ;L5/2 (Ω)
)
thanks to the interpo-
lation between L2
(
0, T ;L3 (Ω)
)
and L∞
(
0, T ;L3/2 (Ω)
)
. Consequently, we
have ̺2nundivun bounded in L
10/9
(
0, T ;L10/9 (Ω)
)
. Next, the bound of
̺
3/2
n in L∞
(
0, T ;L4 (Ω)
)
and of
√
̺n∇̺n in L4
(
0, T ;L2 (Ω)
)
gives ̺2nD (un)
bounded in L2
(
0, T ;L4/3 (Ω)
)
and ̺nD (un)ij ∂j̺n in L
4/3
(
0, T ;L1 (Ω)
)
. Fi-
nally, ̺2n∆̺n and ̺n∆̺n∇̺n are bounded, respectively, in L2
(
0, T ;L1 (Ω)
)
and L4/3
(
0, T ;L1 (Ω)
)
. Then, it follows from (2.45) that∣∣∣∣ˆ T
0
ˆ
Ω
∂t
(
̺2nun
) · ϕdxdt∣∣∣∣ ≤ C (‖ϕ‖Lr(0,T ;L∞(Ω)) + ‖∇ϕ‖Lr(0,T ;L∞(Ω))) ,
(2.46)
with r < +∞. This means that ∂t
(
̺2nun
)
is bounded in Lq (0, T ;H−s (Ω))
for q > 1 and s > 5/2. Consequently, ̺
3/2
n un converges strongly to ̺
3/2u in
L2
(
0, T ;L2 (Ω)
)
, and ̺nun strongly to ̺u in L
2
(
0, T ;L2 (Ω)
)
.
- Step 5. Convergence of the remaining non-linear terms
The convergence of the term
ˆ T
0
ˆ
Ω
√
̺nun ⊗√̺nun : ϕ∇̺n. (2.47)
is obtained thanks to the strong convergence of the quantities ̺nun and ∇̺n,
together with the weak convergence of the velocity field un.
Concerning the viscous terms on the right-hand-side of (2.19), the con-
vergence of the first two quantities is allowed by the strong convergence of
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the density ̺n, the momentum ̺nun and the gradient of the density ∇̺n,
together with the weak convergence of ∇∇̺n and ∆̺n. Then, the strong
convergence of
√
̺n together with the weak convergence of ∇√̺n allow to
pass to the limit in the remaining two quantities.
2.4 Pressureless system, vacuum and the heat equation
This section is devoted to the proof of the Theorems 4 and 5. Hence for
the special choice of an irrotational initial velocity, namely expressed as a
gradient of a given potential we are able to describe the propagation of
the vacuum zones and connection between the solutions of the pressureless
system and the heat equation. First, we deal with the case of the initial
density ̺0 ∈ L1 (Ω) away from the vacuum, namely ̺0 > 0 and then we
extend this result to the general case ̺0 ≥ 0.
2.4.1 Proof of Theorem 4
Assume that (̺, u) are classical solutions of (2.14) - (2.15). We are looking
for a solution of the form (̺,−∇φ (̺)). The continuity equation yields
∂t̺− div (̺∇φ (̺)) = 0. (2.48)
Since φ′ (̺) = 2ν/̺, we have
∂t̺− 2ν∆̺ = 0. (2.49)
Now, we have to check that the momentum equation shows a compatibility
with the continuity equation keeping an irrotational structure. We have,
∂t (̺u) = −∂t (̺∇φ (̺)) = −2∇∂tµ (̺) . (2.50)
Indeed, ̺∇φ (̺) = ∇µ (̺). Next, we have
− 2div (µ (̺)Du) = 2div (µ (̺)∇∇φ (̺))
= 2µ (̺)∇∆φ (̺) + 2∇µ (̺) · ∇∇φ (̺) , (2.51)
and
div (̺u⊗ u) = 2∆φ (̺)∇µ (̺) + 2∇∇µ (̺) · ∇φ (̺) . (2.52)
Combining (2.4.1) with (2.52), we get
div (̺u⊗ u)− 2div (µ (̺)Du) = 2∇ (µ (̺)∆φ (̺)) + 2∇ (∇µ (̺) · ∇φ (̺)) .
(2.53)
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Now, using (2.50), (2.53) and the momentum equation (2.15), we have
∂t (̺u) + div (̺u⊗ u)− 2div (µ (̺)Du)
= −2∇ (∂tµ (̺)− ̺µ′ (̺)∆φ (̺)−∇µ (̺) · ∇φ (̺))+ κ̺∇∆̺, (2.54)
where we used µ (̺) = ̺µ′ (̺). Now, since 2µ′ (̺) = ̺φ′ (̺), we can compute
∆µ (̺) =
1
2
̺∆φ (̺) +
1
2
∇̺ · ∇φ (̺) ,
and, consequently,
4µ′ (̺)∆µ (̺) = 2̺µ′ (̺)∆φ (̺) + 2∇µ (̺) · ∇φ (̺) . (2.55)
Combining (2.4.1) with (2.55), we obtain
∂t (̺u) + div (̺u⊗ u)− 2div (µ (̺)Du)
= −∇ (2µ′ (̺) (∂t̺− 2∆µ (̺)))+ κ̺∇∆̺. (2.56)
Since, thanks to the mass equations, the above equation is compatible with
the momentum equations, the proof is concluded in the smooth case. In the
case of ρ0 > 0, ρ0 ∈ L1(Ω) the proof follows from the standard theory of the
heat equation (see Evans [24]). Indeed, the parabolic equation immediately
smooths any initial data belonging to Lp(Ω), 1 ≤ p ≤ ∞, to a function
̺ (·, t) ∈ C∞ (Ω). Therefore, the unique solution of ∂t̺− 2ν∆̺ = 0 for t > 0
is non-negative and smooth and all the previous formal computations are
justified yielding a solution of (2.14) - (2.15) with ̺ > 0 solving (2.25) and
u = −∇ϕ (̺).
2.4.2 Proof of Theorem 5
In order to prove the existence result it suffices to construct a sequence of
global regular solutions (̺n, un) verifying the assumptions on the initial data
(2.22) and (2.23). We set ̺n0 = ̺0 +
˜̺0
n , where ˜̺0 is a continuous, strictly
positive functions, such that
√ ˜̺0∇φ ( ˜̺0) and |∇ ˜̺0|, ∣∣∣∇√˜̺0∣∣∣ are bounded
in L2 (Ω). From Theorem 4, we know that there exists a smooth solutions
(̺n, un) with initial data (̺
n
0 ,−∇φ (̺n0 )). Moreover we have
|√̺n0∇φ (̺n0 ) | = ∣∣∣√̺n0φ′ (̺n0 )∇̺n0 ∣∣∣ ≤ |∇̺0|√̺0 + 1√n |∇ ˜̺0|√ ˜̺0 . (2.57)
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It implies that
√
̺n0∇φ (̺n0 ) is uniformly bounded in L2 (Ω) by using the fact
that
√
̺0∇φ (̺0) and
√ ˜̺0∇φ ( ˜̺0) are bounded in L2 (Ω). Next, in a similar
way we have also the following L2 bounds,
‖∇̺n0‖L2(Ω) ≤ ‖∇̺0‖L2(Ω) +
1
n
‖∇ ˜̺0‖L2(Ω) , (2.58)
∥∥∥∇√̺n0∥∥∥
L2(Ω)
≤
∥∥∥∥∥∇
√
̺0√
̺n0
∥∥∥∥∥
L2(Ω)
+
1
n
∥∥∥∥∥∇
√ ˜̺0√
̺n0
∥∥∥∥∥
L2(Ω)
. (2.59)
As a consequence (̺n0 ,−∇φ (̺n0 )) fulfils (2.22) and (2.23) and by Theorem 3
we obtain the existence of a global weak solution (̺, u) (to be precise, here
we exploit the stability result contained in the proof of Theorem 3).
Now, in order to prove that (̺, u) is the unique strong solution of (2.25)
we recall that the heat equation verifies the so-called L1-contraction principle
(see for example Chapter 2 of Galaktionov and Vázquez [27]), which applied
to our sequence ̺n, which has a strictly positive initial data, reads
‖̺n(t, ·)− ̺m(t, ·)‖L1(Ω) ≤ ‖̺n0 − ̺m0 ‖L1(Ω) , (2.60)
for every n,m ∈ N. Since we have that ̺n0 → ̺0 in L1 (Ω), the sequence
(̺n)n∈N is a Cauchy sequence strongly convergent to ̺1 in L
1 (Ω), but since
we have proved that ̺n converges strongly to ̺, we have ̺1 = ̺, and this
implies in particular that ̺ satisfies the equation (2.25).
2.5 High compressible limit
The last result shows the convergence (in a distribution sense) of a global
weak solution (̺ε, uε) of the system (2.1) - (2.2) to a weak solution (̺, u) of
(2.14) - (2.15), as ε → 0. For fixed ε > 0, we have the existence of weak
solutions (̺ε, uε) satisfying (2.6) and the energy inequality (2.7). With a
similar procedure used to prove the existence of weak solutions in the case
of ε = 0 it is possible to prove the following convergences
̺ε → ̺ in L2/s
(
0, T ;H1+s (Ω)
) ∩ C ([0, T ] ;Hs) for all s ∈ (0, 1) , (2.61)
̺εuε ⇀ ̺u in L
2
(
0, T ;L2 (Ω)
)
, (2.62)
̺2εuε ⇀ ̺
2u in L2
(
0, T ;L2 (Ω)
)
, (2.63)
√
̺εuε ⇀
√
̺u in L2
(
0, T ;L2 (Ω)
)
, (2.64)
̺3/2ε uε → ̺3/2u in L2
(
0, T ;L2 (Ω)
)
, (2.65)
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̺3/2ε → ̺3/2 in L2
(
0, T ;L2 (Ω)
)
, (2.66)
√
̺ε∇̺ε → √̺∇̺ in L2
(
0, T ;L2 (Ω)
)
, (2.67)
̺2ε → ̺2 in L2
(
0, T ;L2 (Ω)
)
, (2.68)
̺ε∇̺ε → ̺∇̺ in L2
(
0, T ;L2 (Ω)
)
, (2.69)
∆̺ε ⇀ ∆̺ in L
2
(
0, T ;L2 (Ω)
)
. (2.70)
It is important to stress the fact that there are only two points which
deserve some attention. The first one is when we deal with the equivalent of
the estimate (2.46) for ε > 0. Indeed in this case, in the weak formulation,
the pressure contributes with a term of the form ε̺γ+1. The second point is
to perform the convergence of the pressure term itself. Therefore, in order to
prove Theorem 6, we need to show a bound independent by ε of the quantity
̺γ+1ε and ˆ T
0
ˆ
Ω
ε̺γ+1ε divϕdxdt→ 0, as ε→ 0. (2.71)
2.5.1 Proof of Theorem 6
The convergence (2.71) can be proved thanks to the bound on the pressure
term coming form the energy inequality (2.7), and the regularity properties
of the density coming from Lemma 8. We have
ε̺γ+1ε = ε
1/γ̺ε · ε(γ−1)/γ̺γε .
Consequently, we can write
ˆ T
0
ˆ
Ω
ε̺γ+1ε dxdt ≤
∥∥∥ε1/γ̺ε∥∥∥
L∞(0,T ;Lγ)
∥∥∥ε(γ−1)/γ̺γε∥∥∥
L1(0,T ;Lγ′)
≤ Cε1/γ′ ‖̺γε‖L1(0,T ;Lγ′)
where γ′ = γ/ (γ − 1). The bound for ε1/γ̺ε in L∞ (0, T ;Lγ) was obtained
from the energy inequality (2.7). Now, we write
‖̺γε‖L1(0,T ;Lγ′) =
ˆ T
0
‖̺ε‖γ
Lγ
2/(γ−1)
dt,
and we apply the following interpolation inequality
‖̺ε‖Lγ2/(γ−1) ≤ ‖̺ε‖αL3 ‖̺ε‖1−αL∞ ,
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with α = 3(γ − 1)/γ2 and γ > 1. The L∞ (0, T ;L3) bound for ̺ε gives
ˆ T
0
‖̺ε‖γ
Lγ2/(γ−1)
dt ≤ C.
As a result, we obtain (2.71) and we conclude the proof of Theorem 6.
3 Quantum fluids
In this section we deal with the quantum case, namely when κ (̺) = κ2/̺ in
(1.7). The system (1.6) - (1.7) reads as
∂t̺+ div (̺u) = 0, (3.1)
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) + ε∇p(̺) = 2κ2̺∇
(
∆
√
̺√
̺
)
. (3.2)
For fixed ε > 0, the quantum Navier-Stokes system have been recently an-
alyzed by several authors. With the same definition of weak solutions used
by Bresch et al. [7], Dong [23], Jiang [31] and Jüngel [32] proved the global-
in-time existence of weak solutions in three-dimension, for large data and
under the condition γ > 3.
Adding a damping term and a singular pressure close to vacuum, Vasseur
and Yu [38] and Gisclon and Lacroix-Violet [28] proved the global-in-time
existence of weak solutions for large data in three-dimension, respectively.
Antonelli and Spirito [3], [4] considered the quantum Navier-Stokes sys-
tem both in two and in three space dimensions and proved the global exis-
tence of finite energy weak solutions for large initial data under some restric-
tion on ν, κ and γ in a periodic domain Ω = Td (d = 2, 3). More precisely,
they proved the existence of weak solutions in the following class of regularity
̺ ∈ L∞ (0, T ;L1 (Ω) ∩ Lγ (Ω)) ,√
̺u ∈ L∞ (0, T ;L2 (Ω)) ,√
̺ ∈ L∞ (0, T ;H1 (Ω)) , (3.3)
satisfying the energy inequality
d
dt
ˆ
Ω
1
2
̺ |u|2 + ε ̺
γ
γ − 1 + 2κ
2 |∇√̺|2 dx ≤ 0 (3.4)
with the following conditions on the initial data
̺0 ≥ 0 in Ω, ̺0 ∈ L1 ∩ Lγ (Ω) , ∇√̺0 ∈ L2 ∩ L2+η (Ω) ,
u0 = 0 on {̺0 = 0} , √̺0u0 ∈ L2 ∩ L2+η (Ω) .
(3.5)
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Their result cna be summarized in the next theorems.
Theorem 10. Let d = 2. Let ν, κ and γ positive such that κ < ν and γ > 1,
assume that (3.5) hold. Then, for any 0 < T <∞ there exists a finite energy
weak solution of the system (3.1) - (3.2) on (0, T )×T2, that means a solution
satisfying (3.3) - (3.4), with the continuity equation satisfying the following
weak formulation for all ϕ ∈ C∞c ([0, T ] ;C∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
̺ · ∂tϕ+
ˆ T
0
ˆ
Ω
(
√
̺
√
̺u) : ∇ϕdxdt = 0; (3.6)
and the momentum equation satisfying the following weak formulation for all
ϕ ∈ C∞c ([0, T ] ;C∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0u0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
[
√
̺ (
√
̺u) · ∂tϕ+√̺u⊗√̺ : ∇ϕ+ ε̺γdivϕ
−2ν (√̺u⊗∇√̺) : ∇ϕ− 2ν (∇√̺⊗√̺u) : ∇ϕ
+ν
√
̺
√
̺u∆ϕ+ ν
√
̺
√
̺u∇divϕ
−4κ2 (∇√̺⊗∇√̺) : ∇ϕ+ 2κ2√̺∇√̺∇divϕ] dxdt = 0. (3.7)
Theorem 11. Let d = 3. Let ν, κ and γ positive such that κ2 < ν2 < 98κ
2
and 1 < γ < 3, assume that (3.5) hold. Then, for any 0 < T < ∞ there
exists a finite energy weak solution of the system (3.1) - (3.2) on (0, T )×T3,
that means a solution satisfying (3.3) -(3.4), with the continuity equation
satisfying the weak formulation (3.6) and the momentum equation satisfying
the weak formulation (3.7).
Moreover, recently, the existence of the so-called κ-entropy solutions was
proved for a compressible Navier-Stokes system with degenerate viscosities
in the case of singular pressure and drag term (see Bresch et al. [11]).
Furthermore, a generalization of the quantum Bohm identity was proposed
in [10], with resulting weak-strong uniqueness analysis for the Navier-Stokes-
Korteweg and Euler-Korteweg systems describing quantum fluids (see [8],
and [9]; see also [18] for the analysis on the Euler-Korteweg-Poisson system).
Similar to the analysis on the capillary fluids, our aim is to study the
convergence of the weak solutions of the quantum Navier-Stokes system in
the limit as ε → 0, assuming the existence of the weak solutions for the
pressureless system. Note that this last assumption is based on the fact that
we leave open the problem of the existence of the weak solutions for the
pressureless quantum Navier-Stokes system that will be a matter of future
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research as mentioned in the end of this paper. Moreover, we perform a
weak strong-uniqueness analysis for the pressureless system assuming the
existence of the strong solution. Weak-strong uniqueness means that a weak
and strong solution emanating from the same initial data coincide as long as
the latter exists. This last analysis will follow the recent result of Bresch et
al. [8] (see also [9]) in which an "augmented" version of the quantum Navier-
Stokes system combined with a relative energy inequality approach (see for
example Feireisl et al. [25], [26]) is used. The authors would like to specify
that the weak-strong uniqueness analysis was not performed in the capillary
case for the following reasons. First, the recent theory of of Bresch et al. [8]
does not apply to the capillary case, namely for κ(̺) = κ. Second, the usual
analyzes do not work because of the density dependent viscosity. Indeed, as
it will be stressed later in Section 3.3, the H1 bound for the velocity is no
longer available and this does not allow to manipulate the viscosity terms in
a standard sense through the use of the Korn’s inequality (see for example
Feireisl et al. [26]).
3.1 Weak-solutions and main results
For ε = 0, the system (3.1) - (3.2) reads as
∂t̺+ div (̺u) = 0, (3.8)
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) = 2κ2̺∇
(
∆
√
̺√
̺
)
. (3.9)
Now, in the spirit of [4] we define the weak solutions of the pressureless
quantum Navier-Stokes system (3.8) - (3.9).
Definition 12. We say that (̺, u) is a weak solution of (3.8) - (3.9) on (0, T )
if and only if { √
̺ ∈ L2 (0, T ;L2 (Ω)) ,√
̺u, ∇√̺ ∈ L2 (0, T ;L2 (Ω)) ; (3.10)
the continuity equation satisfies the following weak formulation for all ϕ ∈
C∞c ([0, T ] ;C
∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
̺ · ∂tϕ+
ˆ T
0
ˆ
Ω
(
√
̺
√
̺u) : ∇ϕdxdt = 0; (3.11)
the momentum equation satisfies the following weak formulation for all ϕ ∈
C∞c ([0, T ] ;C
∞ (Ω)) such that ϕ(T, ·) = 0,
ˆ
Ω
̺0u0 · ϕ (0, ·) dx+
ˆ T
0
ˆ
Ω
[
√
̺ (
√
̺u) · ∂tϕ+√̺u⊗√̺ : ∇ϕ
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−2ν (√̺u⊗∇√̺) : ∇ϕ− 2ν (∇√̺⊗√̺u) : ∇ϕ
+ν
√
̺
√
̺u∆ϕ+ ν
√
̺
√
̺u∇divϕ
−4κ2 (∇√̺⊗∇√̺) : ∇ϕ+ 2κ2√̺∇√̺∇divϕ] dxdt = 0; (3.12)
there exists S ∈ L2((0, T ) × Ω) such that √̺S = Symm(∇(̺u) − 2∇√̺ ⊗√
̺u) in D′, satisfying the following energy inequality
sup
t∈(0,T )
ˆ
Ω
1
2
(
ρ|u|2 + κ |∇√̺|2
)
+ 2ν
ˆ T
0
ˆ
Ω
|S|2 dxdt
≤
ˆ
Ω
1
2
(
̺0 |u0|2 + κ |∇√̺0|2
)
dx; (3.13)
Our main result is the following.
Theorem 13. Let Ω = Td (d = 2 or 3) be a periodic domain. Assume
that there exists a weak solutions (̺, u) of the quantum Navier-Stokes system
(3.8) - (3.9). Then, as ε → 0, a global weak solution (̺ε, uε) of the system
(3.1) - (3.2) converges (in a distribution sense) to a weak solution (̺, u), in
the sense of the Definition 12, of the system (3.8) - (3.9).
3.2 High compressible limit
In this section we show the convergence (in a distribution sense) of a weak
solution (̺ε, uε) of the system (3.1) - (3.2) to a weak solution (̺, u) of the
pressureless system (3.8) - (3.9), as ε → 0. For fixed ε > 0, we have the
existence of weak solutions (̺ε, uε) satisfying (3.3) and the energy inequality
(3.4). Thanks to the stability analysis provided by Antonelli and Spirito in
[3] it is possible to prove the following convergences
√
̺ε → √̺ in L2
(
0, T ;H1 (Ω)
)
, (3.14)
√
̺εuε → √̺u in L2
(
0, T ;L2 (Ω)
)
. (3.15)
In order to justify the convergences (3.14) and (3.15), we report the com-
pactness analysis of Antonelli and Spirito [3] in the Appendix. Potentially,
this analysis is required to prove the existence of the weak solutions for the
pressureless quantum Navier-Stokes system. However, as mentioned before
and in the conclusions, for the time being this is beyond the scope of the
present work.
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Consequently, in order to prove Theorem 13, the only term in the weak
formulation (3.7) that requires some attention is the pressure contribution.
Namely, we need to show that
ˆ T
0
ˆ
Ω
ε̺γεdivϕdxdt→ 0, as ε→ 0. (3.16)
This means that we need to find a uniform bound, independent by ε, of the
quantity ̺γε and take the ε-limit in the weak formulation (3.7).
3.2.1 Proof of Theorem 13
The convergence (3.16) can be proved thanks to the regularity properties of
the density. Indeed, thanks to the following interpolation inequality
‖̺ε‖Lγ ≤ ‖̺ε‖αL3 ‖̺ε‖1−αL1 ,
with α = 32(γ − 1)/γ and 1, γ < 3, we haveˆ T
0
‖̺ε‖γLγ dt ≤ C.
Here, the L∞
(
0, T ;L3
)
bound for ̺ε is obtained from the H
1 bound for
√
̺ε.
As a consequence we have (3.16) and this ends the proof of Theorem 13.
3.3 Weak-strong uniqueness in the pressureless case
In this section, we would like to perform the weak-strong uniqueness analy-
sis. As mentioned before, the analysis requires to introduce an "augmented"
version of the pressureless quantum Navier-Stokes system. The reason for
that stands in the fact that a H1 bound for the velocity is no longer available
because of the density dependent viscosity. Consequently, standard applica-
tion of the Korn’s inequality in the weak-strong uniqueness context is not
possible (see for example Feireisl et al. [26]). Moreover, the presence of the
quantum Bohm potential adds some difficulties that seem not possible to
overcome by the methodology proposed in Bresch et al. [9].
3.3.1 "Augmented" version of the quantum Navier-Stokes system
In order to derive an augmented version of the quantum Navier-Stokes sys-
tem, we multiply the continuity equation by µ′ (̺) and we write the corre-
sponding equation for µ (̺), namely
∂tµ (̺) + divx (µ (̺)u) = 0. (3.17)
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The following computation keeps µ (̺) as a general function of the density.
Later, we will consider our case in which µ (̺) = ν̺. We differentiate respect
to space, and observing ∇µ (̺) = ̺∇φ (̺), we obtain
∂t (̺∇φ (̺)) + divx (̺u⊗∇φ (̺)) + divx
(
µ (̺)∇tu) = 0. (3.18)
Now, we introduce the following vector field (see for example Bresch et al.
[11])
w = u+∇φ (̺) , divxw = 0. (3.19)
Using the momentum equation (3.9) we have
∂t (̺w)+divx (̺w ⊗ u)−2divx (µ (̺)D (u))+divx
(
µ (̺)∇tu) = 2κ2̺∇(∆√̺√
̺
)
.
(3.20)
Consequently, we have
∂t (̺w)+divx (̺w ⊗ u)−divx (µ (̺)D (u))−divx (µ (̺)A (u)) = 2κ2̺∇
(
∆
√
̺√
̺
)
,
(3.21)
with A(u) = (∇u−∇tu)/2, that can be rewritten as follows
∂t (̺w) + divx (̺w ⊗ u)− divx (µ (̺)D (w))− divx (µ (̺)A (w))
+ divx
(
µ (̺)∇2φ (̺)) = 2κ2̺∇(∆√̺√
̺
)
. (3.22)
Now, in our case µ (̺) = ν̺. Observing that
∇φ (̺) = φ′ (̺)∇̺ = µ
′ (̺)
̺
∇̺ = ν∇ log ̺,
2κ2̺∇
(
∆
√
̺√
̺
)
= κ2divx (̺∇∇ log ̺) = κ
2
ν
divx (̺∇v) ,
we can rewrite (3.22) as
∂t (̺w) + divx (̺w ⊗ u)− νdivx (̺∇w) +
(
ν − κ
2
ν
)
divx (̺∇v) = 0, (3.23)
where v = ν∇ log ̺. The relation above suggests to write an equation for v.
Then, from relation (3.18), we have
∂t (̺v) + divx (̺v ⊗ u) + νdivx (̺∇u) = 0. (3.24)
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Consequently, the so-called "augmented" version of the pressureless quantum
Navier-Stokes system reads
∂t̺+ divx (̺u) = 0, (3.25)
∂t (̺w) + divx (̺w ⊗ u)− νdivx (̺∇w)−
(
κ2
ν
− ν
)
divx (̺∇v) = 0, (3.26)
∂t (̺v) + divx (̺v ⊗ u) + νdivx (̺∇u) = 0. (3.27)
Now, using the definition of v, we rewrite the above system as follows,
∂t̺+ divx (̺u) = 0, (3.28)
∂t (̺w) + divx (̺w ⊗ u)− νdivx (̺∇w)−
(
κ2 − ν2)divx (̺∇v) = 0, (3.29)
∂t (̺v) + divx (̺v ⊗ u) + divx (̺∇u) = 0. (3.30)
Remark 14. Note that we passed from v = ν∇ log ̺ to v = ∇ log ̺ using the
same notation, and we simplified the viscosity ν in the last equation.
Now, the idea is to pass at the new unknown v = v
√
κ2 − ν2, with κ > ν,
and to define a global weak solutions of the system (3.28) - (3.30) as follows
(see Bresch et al. [8])
Definition 15. We say that (̺, v, w) is a weak solution of the "augmented"
system (3.28) - (3.30) if satisfies the following system in the distribution
sense
∂t̺+ div (̺u) = 0, (3.31)
∂t (̺w) + div (̺w ⊗ u)− νdiv (√̺T (w))−
√
κ2 − ν2div (√̺T (v)) = 0,
(3.32)
∂t (̺v)+div (̺v ⊗ u)−div (√̺T (v))+
√
κ2 − ν2div (√̺T (w)) = 0, (3.33)
with √
̺T (ϑ) = ∇ (̺ϑ)− 1√
κ2 − ν2̺ϑ⊗ v, (ϑ = w, v), (3.34)
and endowed with the following energy inequality
d
dt
1
2
ˆ
Ω
̺ |w|2 + ̺ |v|2 dx+ ν
ˆ
Ω
|T (w)|2 + |T (v)|2 dx ≤ 0. (3.35)
Remark 16. We would like to stress that a global weak solution of the pres-
sureless quantum Navier-Stokes system is also a global weak solution of the
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augmented version. Indeed, as remarked by Bresch et al. [8], the following
equation, for example, is satisfied in the distribution sense
ν [∂tµ (̺) + div (µ (̺)u)] = 0 (3.36)
with u = w − νv√κ2 − ν2. Differentiating (3.36), we have
ν [∂t∇µ (̺) + div (∇ (µ (̺) u))] = 0.
Consequently, by the definition of v and
√
̺T (u), we can write
ν [∂t (̺v) + div (̺v ⊗ u) + div (√̺T (u))] = 0,
that explains the assertion above.
Now, we are ready to state our weak strong uniqueness result.
Theorem 17. Let Ω = Td (d = 2 or 3) be a periodic domain. Let us consider
(̺, u) be a weak solutions to the pressureless quantum Navier-Stokes system,
and (r, U) be the corresponding strong solution emanating from the same
initial data. Then, (u, v, w) = (U, V ,W ) or (̺, u) = (r, U) in (0, T ) × Ω,
which corresponds to a weak-strong uniqueness property.
3.3.2 Proof of Theorem 17
As in Bresch et al. [8], we define a relative energy functional for the system
(3.31) - (3.33) by the following relation
E (v,w|V ,W ) = 1
2
ˆ
Ω
̺
(
|w −W |2 + ∣∣v − V ∣∣2) dx
+ ν
ˆ T
0
ˆ
Ω
̺
(∣∣∣∣T (v)√̺ −∇V
∣∣∣∣2 + ∣∣∣∣T (w)√̺ −∇W
∣∣∣∣2
)
dxdt. (3.37)
Note that, a viscous part is present in comparison with the usual definition
of the relative energy functional (see for example Feireisl et al. [26]). As
shown below this, together with the augmented system and the respective
system for strong solutions, will give us the possibility to treat the viscous
terms during the weak-strong uniqueness analysis.
Now, the following Proposition, proving a relative energy inequality,
holds.
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Proposition 1. Let
r ∈ C1 ([0, T ]× Ω) , r > 0, V , W ∈ C2 ([0, T ]× Ω) .
Then, any global weak solutions (̺, v, w) of the system (3.31) - (3.33) satisfies
the following relative energy inequality
E (t) ≤ E (0)
+
ˆ T
0
ˆ
Ω
̺
(
∂tV ·
(
V − v)+ (∇V u) · (V − v)) dxdt
+
ˆ T
0
ˆ
Ω
̺ (∂tW · (W − w) + (∇Wu) · (W − w)) dxdt
+ν
ˆ T
0
ˆ
Ω
̺
(∣∣∇V ∣∣2 + |∇W |2)−√̺ (T (v) : ∇V + T (w) : ∇W ) dxdt
+
√
κ2 − ν2
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇W − T (w) : ∇V ) dxdt. (3.38)
Proof. The proof follows similar arguments as in Bresch et al. [8], Preposi-
tion 14, in which is possible to drop the pressure contribution.
Now, we introduce the following system satisfied by the strong solutions(
r, V ,W
)
:
∂tr + div (rU) = 0, (3.39)
r (∂tW +∇W · U)− νdiv (r∇W )−
√
κ2 − ν2div (r∇V ) = 0, (3.40)
r
(
∂tV +∇V · U
)− νdiv (r∇V )+√κ2 − ν2div (r∇W ) = 0, (3.41)
with
U = W − νV, V =
√
κ2 − ν2V, (3.42)
and belonging to the following class
0 < inf(0,T )×Ω r ≤ r ≤ sup(0,T )×Ω r < +∞,
∇r ∈ L2 (0, T ;L∞ (Ω)) ∩ L1 (0, T ;W 1,∞ (Ω)) ,
W ∈ L∞ (0, T ;W 2,∞ (Ω)) ∩W 1,∞ (0, T ;L∞ (Ω)) ,
V ∈ L∞ (0, T ;W 2,∞ (Ω)) ∩W 1,∞ (0, T ;L∞ (Ω)) .
(3.43)
The following Proposition holds.
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Proposition 2. Let
(
r, V ,W
)
be a strong solution of (3.39) - (3.41). Then,
any weak solution of the system (3.31) - (3.33) satisfies the following in-
equality
E (t) ≤ E (0)
+
ˆ T
0
ˆ
Ω
̺
[(∇V · (u− U)) · (V − v)+ (∇W · (u− U)) · (W − w)] dxdt
+ν
ˆ T
0
ˆ
Ω
̺
(∣∣∇V ∣∣2 + |∇W |2) dxdt
−ν
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇V + T (w) : ∇W ) dxdt
+ν
ˆ T
0
ˆ
Ω
̺
r
(
div
(
r∇V ) · (V − v)+ div (r∇W ) · (W − w)) dxdt
+
√
κ2 − ν2
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇W − T (w) : ∇V ) dxdt
+
√
κ2 − ν2
ˆ T
0
ˆ
Ω
̺
r
(
div
(
r∇V ) · (W − w)− div (r∇W ) · (V − v)) dxdt.
(3.44)
Proof. The proof follows similar arguments as in Bresch et al. [8], Preposi-
tion 15, in which is possible to drop the pressure contribution.
We rewrite the relation (3.44) as follows
E (t) ≤ E (0)
+
ˆ T
0
ˆ
Ω
̺
[(∇V · (u− U)) · (V − v)+ (∇W · (u− U)) · (W − w)] dxdt
+ νI1 +
√
κ2 − ν2I2, (3.45)
where
I1 =
ˆ T
0
ˆ
Ω
̺
(∣∣∇V ∣∣2 + |∇W |2) dxdt
−
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇V + T (w) : ∇W ) dxdt
+
ˆ T
0
ˆ
Ω
̺
r
(
div
(
r∇V ) · (V − v)+ div (r∇W ) · (W −w)) dxdt
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and
I2 =
ˆ T
0
ˆ
Ω
̺
r
(
div
(
r∇V ) · (W − w)− div (r∇W ) · (V − v)) dxdt
+
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇W − T (w) : ∇V ) dxdt.
Now, for µ (̺) = ν̺ and µ (r) = νr, is possible to show that
−
ˆ T
0
ˆ
Ω
√
̺
(
T (v) : ∇V + T (w) : ∇W ) dxdt
+
ˆ T
0
ˆ
Ω
̺
r
(
div
(
r∇V ) · (V − v)+ div (r∇W ) · (W − w)) dxdt,
= −
ˆ T
0
ˆ
Ω
̺ (v − V ) (∇V (V − v)+∇W (W −w)) dxdt, (3.46)
and
I2 = −
ˆ T
0
ˆ
Ω
̺ (v − V ) (∇V (W − w) +∇W (V − v)) dxdt. (3.47)
Indeed, realizing that µ (̺) /̺ = v and µ (r) /r = V , relation (3.46) and
(3.47) can be obtained using the definition (3.34) and integrating by parts.
Consequently, thanks to the regularity properties (3.43), we have
|I1 + I2| ≤ C
ˆ T
0
ˆ
Ω
̺
(
|v − V |2 +
∣∣v − V ∣∣2 + |w −W |2) dxdt. (3.48)
Finally, from relation (3.45), we end up with
E (t)− E (0) ≤ C
ˆ T
0
ˆ
Ω
̺
(
|u− U |2 +
∣∣v − V ∣∣2 + |w −W |2) dxdt,
that means
E (t) ≤ E (0) + C
ˆ T
0
E (t) . (3.49)
In the case weak and strong solutions are emanated from the same initial
data, then E (0) = 0 and we obtain w = W , u = U and v = V thanks to
the application of the Gronwall Lemma. The weak-strong uniqueness for
the densities ̺ and r follows by recalling the uniqueness properties of the
continuity equations (3.25) or (3.39) with smooth velocity field u = U and
initial data ̺0 = r0.
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4 Conclusions
The present work focused on the analysis of the highly compressible limit for
an isothermal model of capillary and quantum fluid and on the investigation
of the related pressureless systems.
In the first case, we prove the existence of weak solution for the pres-
sureless system and the convergence results. The existence was obtained
with the notion of weak solutions presented in Bresch et al. [7]. It will be a
matter of future research to prove the existence of weak solutions following
the notion of weak solutions introduced by Antonelli and Spirito [1] (see also
[2]). In the same framework, also a weak-strong uniqueness analysis could
be of some interest.
In the second case the convergence towards the pressureless system is
shown and a weak-strong uniqueness analysis is developed. A relative en-
tropy inequality based on an "augmented" version of the Navier-Stokes sys-
tem was used and the resulting analysis on weak-strong uniqueness prop-
erty was performed assuming the existence of the strong solution. In the
same spirit, also the existence of weak solutions for the pressureless quan-
tum Navier-Stokes system could be a matter of future investigations.
A Appendix
The following analysis aims to prove a stability result for a quantum Navier-
Stokes system without the presence of the pressure contribution. The anal-
ysis follows a similar line of [3] and we sketch here some steps in order to
justify the convergences (3.14) - (3.15).
We consider the quantum Navier-Stokes system (3.1) - (3.2) where we
set ε = 0, namely
∂t̺+ div (̺u) = 0, (A.1)
∂t (̺u) + div (̺u⊗ u)− 2νdiv (̺D (u)) = 2κ2̺∇
(
∆
√
̺√
̺
)
. (A.2)
We start with the a priori estimates needed for the convergence. The
first lemma is the standard energy inequality associated to the quantum
Navier-Stokes system (A.1) - (A.2).
Lemma 18. Let (̺n, un) be a smooth solution of (A.1) - (A.2). Then,
d
dt
(ˆ
Ω
̺n
|un|2
2
+ 2κ2 |∇√̺n|2 dx
)
+ 2ν
ˆ
Ω
̺n |Dun|2 dx = 0. (A.3)
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Proof. See Jüngel [32].
Now, we are going to consider a velocity field w = u+ µ∇ log ̺. Conse-
quently, (A.1) - (A.2) can be transformed in terms of (̺,w). More precisely,
we have the following lemma.
Lemma 19. Let (̺n, un) be a smooth solution of (A.1) - (A.2). Given
ν > κ, let µ = ν−√ν2 − κ2, λ = √ν2 − κ2 and wn = un+µ∇ log ̺n. Then,
(̺n, wn) satisfies
∂t̺n + div (̺nwn) = µ∆̺n, (A.4)
∂t (̺nwn) + div (̺nwn ⊗ wn)− µ∆(̺nwn)− 2λdiv (̺nDwn) = 0. (A.5)
Proof. The proof follows the same line as in [3] and it could be easily repro-
duced without the presence of the pressure contribution.
The next lemma concerns the energy estimate to the system (A.4) - (A.5).
Lemma 20. Let (̺n, un) be a smooth solution of (A.1) - (A.2). Then,
wn = un + µ∇ log ̺n and ̺n satisfy
d
dt
ˆ
Ω
̺n
|wn|2
2
dx+ 2λ
ˆ
Ω
̺n |Dwn|2 dx+ µ
ˆ
Ω
̺n |∇wn|2 dx = 0. (A.6)
Proof. In order to get (A.6), we multiply (A.5) by wn, we integrate in space
and we use (A.4).
The next a priori estimate is analogous to the one in [36].
Lemma 21. Let (̺n, un) be a smooth solution of (A.1) - (A.2). Then,
wn = un + µ∇ log ̺n and ̺n satisfy
d
dt
ˆ
Ω
̺n
(
1 +
|wn|2
2
)
log
(
1 +
|wn|2
2
)
dx+ µ
ˆ
Ω
̺n |∇wn|2 dx
+µ
ˆ
Ω
̺n |∇wn|2 log
(
1 +
|wn|2
2
)
dx+ 2λ
ˆ
Ω
̺n |Dwn|2 dx
+2λ
ˆ
Ω
̺n |Dwn|2 log
(
1 +
|wn|2
2
)
dx+ µ
ˆ
Ω
̺n
∣∣∣∣∣∇|wn|22
∣∣∣∣∣
2
2
2 + |wn|2
dx
+ 2λ
ˆ
Ω
̺nDwnwn∇wnwn 2
2 + |wn|2
dx = 0. (A.7)
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Proof. Let β ∈ C1 (R). By integration by parts, we have
−µ
ˆ
Ω
∆(̺nwn)wnβ
′
(
|wn|2
2
)
dx
= −µ
ˆ
Ω
∆̺n |wn|2 β′
(
|wn|2
2
)
dx+ µ
ˆ
Ω
∆̺nβ
(
|wn|2
2
)
dx
+µ
ˆ
Ω
̺n |∇wn|2 β′
(
|wn|2
2
)
dx+µ
ˆ
Ω
̺n
∣∣∣∣∣∇|wn|22
∣∣∣∣∣
2
β′′
(
|wn|2
2
)
dx. (A.8)
Now, multiplying (A.5) by wnβ
′
(
|wn|
2
2
)
and integrating by parts, we obtain
d
dt
ˆ
Ω
̺nβ
(
|wn|2
2
)
dx+ µ
ˆ
Ω
̺n |∇wn|2 β′
(
|wn|2
2
)
dx
+ µ
ˆ
Ω
̺n
∣∣∣∣∣∇|wn|22
∣∣∣∣∣
2
β′′
(
|wn|2
2
)
dx− 2λ
ˆ
Ω
div (̺nDwn)wnβ
′
(
|wn|2
2
)
dx.
(A.9)
We integrate by parts the last term, namely
−2λ
ˆ
Ω
div (̺nDwn)wnβ
′
(
|wn|2
2
)
dx
= 2λ
ˆ
Ω
̺n |Dwn|2 β′
(
|wn|2
2
)
dx+ 2λ
ˆ
Ω
̺nDwnwn∇wnwnβ′′
(
|wn|2
2
)
dx,
and choosing β (t) = (1 + t) log (1 + t) we get (A.7).
Now, thanks to Lemmas 18 and 20, we have the following uniform bounds
‖√̺nun‖L∞(0,T ;L2(Ω)) ≤ C, ‖∇
√
̺n‖L∞(0,T ;L2(Ω)) ≤ C,
‖̺n‖L∞(0,T ;L1(Ω)) ≤ C, ‖
√
̺n∇un‖L2(0,T ;L2(Ω)) ≤ C,
‖√̺nwn‖L∞(0,T ;L2(Ω)) ≤ C, ‖
√
̺n∇wn‖L2(0,T ;L2(Ω)) ≤ C. (A.10)
Moreover, the following bound holds (see Antonelli and Spirito [3])
‖√̺n‖L2(0,T ;H2(Ω)) ≤ C. (A.11)
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The above bounds and the Lemma 21 allow to prove a Mellet-Vasseur type
estimate for (̺n, wn), namely, under suitable assumptions on the initial data,
the following estimate holds (see Antonelli and Spirito [3], Lemma 4.2)
sup
t
ˆ
Ω
̺n
(
1 +
|wn|2
2
)
log
(
1 +
|wn|2
2
)
dx ≤ C. (A.12)
The above estimate is crucial in order to prove the convergence result. In
particular, we have the following lemma
Lemma 22. Let (̺n, un)n∈N be a sequence of solutions of (3.1) - (3.2) and
wn = un + µ∇ log ̺n. Then, up to subsequences, we have
√
̺n → √̺ in L2
(
0, T ;H1 (Ω)
)
,
√
̺nun → √̺u in L2
(
0, T ;L2 (Ω)
)
,
(A.13)
as ε→ 0. Moreover, (̺, u) is a weak solution of the system (A.1) - (A.2).
Proof. The proof follows the same line as in [3], see Lemma 4.3 and 4.4, and
it could be reproduced dropping the pressure contribution. Indeed, similarly
to the capillary case, for ε > 0 the pressure contribution appears in the
estimate (4.12) of Lemma 4.3. This means that the bound independent by
ε of the quantity ̺γε (see 3.16) is also required in order to take the ε-limit in
(4.12). Lemma 4.4 does not require any analysis of the pressure contribution.
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